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Abstract

In the last few years, hybrid systems consisting of punctual sources and metallic nanostructures have been assembled and
studied. Furthermore, the radiative coupling between the two counterparts has become a crucial aspect to be explored in
nanophotonics and plasmonics. In this paper a numerical framework based on the Discrete Dipole Approximation is presented as a
simple computational scheme to analyze the decay dynamics of an emitter when it is located in the near proximities of metallic
nanoparticles. This approach allows to go beyond the analytically solved cases and to predict the optical response of more complex
shaped nanoparticles. Here the excitation of dipole and higher-order modes is studied as a function of the applied radiation with a
particular attention paid to the changes induced in the response by approaching the source to the metal. Numerical results, obtained
for Ag spheroids and conically shaped nanoparticles, are explained by analyzing the charge density induced on the surface of the

nanoparticles, this allowing to distinguish dark from radiative modes in a straightforward way.

© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

Over the last years the development of nano-optic
techniques has affirmed the importance of exploiting
plasmonic nanoantennas, like metallic nanoparticles or
nanotips, to strongly enhance the absorption and the
emission of radiation by a punctual receiver or emitter
[1-7]. As is well known, thanks to the excitation of
collective oscillations of the free electrons plasma
(named localized surface plasmon resonances) [2],
metallic nanostructures are able to enhance in a
significant way the photonic density of states in their
surroundings and in this way to strongly perturb the
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perturb the excitation and decay dynamics of proximate
emitters, i.e. fluorophores or QDs [8]. Similar to
radiowave and microwave antennas, their purpose is
to convert the energy of free propagating radiation to
localized energy, and vice versa. Several experimental
works have demonstrated that the internal dynamics of
any source of radiation can be tuned if the photonic
environment is resonant with its radiative transitions
[1,9-11]. Anyway, despite these evidences, the problem
of mutual interaction between an emitter and a
plasmonic antenna still presents lacking points and a
lot of questions in molecular plasmonics results open,
especially for what concerns complex-shaped nano-
particles that cannot be solved analytically.

For what concerns theory, the study of electro-
dynamic coupling between molecules and plasmonic
antennas can be treated in different ways, according to
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the approximation adopted to describe the counterparts.
Even if several options can be identified in literature,
usually the molecule is described as a classical
oscillating dipole, and the metal nanoparticle as a
macroscopic entity characterized by its own frequency-
dependent dielectric function [3].

In the work here presented, the description of the
metal-emitter system and of the perturbations induced by
metal on the decay dynamics of the emitter is performed
in the framework of classical electrodynamics, well
useful for weak-coupling regimes of interaction [12]. A
numerical framework based on the Discrete Dipole
Approximation (DDA) is applied: it turns out to be a
simple and useful scheme to investigate coupling
problems involving geometries which do not lend
themselves to an analytical treatment. The idea under-
lying the analysis consists in accurately describing the
nanoparticle shape through DDA to get a faithful
description of the optical response of the metallic
component to the emitter location, like recently done in
literature with similar approaches [13-23]. The relia-
bility of such numerical approach, as well as its generality
in calculating the total and nonradiative decay rates has
been recently demonstrated [24-26]. Here we are
interested in the radiative behavior of the antenna. The
radiative power of a polarizable system can be derived by
starting from the flux of the Poynting vector through a
surface enclosing it. Thus, being the scattered electric
field in the far-field (radiation) zone due to the several
multipoles in which the bound charge can be expanded
(electric dipole, magnetic dipole, electric quadrupole and
so on), it will contain contributions from modes of several
order [27]. For metal nanoparticles whose dimensions are
small if compared to the applied radiation wavelength,
the major contribution to re-radiation can be ascribed to
the dipole mode. The excited system assumes a
fluctuating electric dipole moment and this causes
electromagnetic radiation to be produced. Dipole
radiation is thus considered the most important channel
for radiative decay. Here we will show the potentialities
and the criticalities of this approximation. Higher-order
modes are not always dark modes and can produce a
significant contribution in the electromagnetic coupling
of plasmons with far field radiation. The analysis here
reported aims at shedding light on the physical nature of
the resonances appearing in the nanoparticles spectra and
on the contributions that higher-order modes with respect
to the dipolar one, can assume in large or elongated
nanoparticles for which retardation effects can be
significant and a net dipole moment different from zero
can appear. In particular, a radiative contribution from the
quadrupole mode is recognized for large silver prolate

spheroids. This possibility for high-order modes to
behave like bright modes is then confirmed by presenting
the optical response of conically shaped nanoparticles to
a plane wave excitation.

Numerical results, obtained for the different ana-
lyzed scatterers, assess that the decay rates of a dipole
can be significantly tailored by tuning either the size or
the shape of a nanoparticle and this could result of
interest for measures of time-resolved fluorescence
spectroscopy [28,29] and scanning near-optical micro-
scopy [30,31].

2. Methods

The analysis here presented has been done in the
framework of the Discrete Dipole Approximation [32]
which is an useful method to numerically solve
Maxwell equations for particles or arbitrary shapes
and compositions. Also named Coupled Dipole
Approximation, such numerical method is based on
the discretization of the target into an array of N
polarizable dipolar elements organized on a cubic
lattice. The polarization of each element is the result of
the interaction with the local electromagnetic field
produced by all other elements plus the external field.
The used implementation is ADDA [33,34] which
allows to perform parallel simulations by partitioning
the target into slices along one direction and thus to
strongly reduce the run time. For what concerns the
prescription for the polarizability, LDR (lattice disper-
sion relation) being this good enough to obtain a
satisfactory level of accuracy (<10%) for high
discretization levels [35]. Here, like in other recent
works [24-26], the ADDA code has been modified in
order to consider dipolar fields as incident radiation.
This should resemble the well known situation in
molecular plasmonics, in which a metallic structure is
irradiated by a point-like source like a chromophore or a
small fluorophore. If we assume a point-like dipole P
located at ry and oscillating with frequency w emitting
electromagnetic radiation near a metallic nanoparticle,
this nanoparticle will reflect and/or scatter back the
radiation by generating an electric field E... due to the
polarization of the N internal dipoles. The idea
underlying the present analysis is thus to numerically
describe this key quantity. By solving in a self-
consistent way a system of 3N coupled complex
equations, DDA allows to calculated the N polariz-
abilities p; describing the polarization response of the
target to a particular excitation, so that the surface
charge density as well as scattered field experienced by
the dipole [36] can be easily calculated.
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For what concerns the induced charge inside metal,
the knowledge of the polarization field can easily be
applied to obtain the informations needed. By recurring
to the well known relation between the polarization of a
material and its bound charge density, the charge
density at any point r; can be extracted

ﬁi(riv)hexc) =-V- (1‘,, exc) (D

and the surface charge distributions identified.
Another crucial quantity to compute is the response
field or scattered field due to the localized surface
plasmons induced in the nanoparticles. In weak-coupling
regimes [37-40], starting from this quantity is possible to
quantify the normalized spontaneous decay rate [16]

r 6mené -
F_O = ﬁlm[f)g : Escal(ro)] (2)
where ¢ is the intrinsic quantum yield of the dipole, g
is the relative dielectric constant of the background
medium and [ is the decay rate of a dipolar emitter
with unitary quantum efficiency (go=1). Eq. (2)
expresses the modification of the lifetime of a molecule,
known as the Purcell effect [41].

The optical reciprocity theorem [42] states that if the
nanophotonic system is dissipative, the total decay rate I”
corresponds to the sum of radiative decay and the
quenching rate induced by the loss environment [5,6,9].
For this reason the relation between the capability of an
antenna to emit electromagnetic waves and its ability to
collect them must be considered from the same point of
view.

According to semiclassical theory [43], the non-
radiative decay rate derives from the (time-averaged)
power absorbed by the nanoparticle P, thus, by
discretizing the nanoparticle within DDA, the normal-
ized nonradiative decay rate Inr becomes

FNR 67'[8(2)53[]/}1(5) N |~ 2
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where the summation is done on the N dipoles con-
tributions, V.. is the volume of each cubic element and
Eiocal is the total internal electric field given by
P;/(V.x;) where y; is the susceptibility of the medium
at the dipole location. This quantity can thus be put into
relation with the most common absorption cross section
Caps- It can be shown that for the used implementation
ADDA the relation is given by
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where Cy,,s is the standard absorption cross section
calculated by a DDA simulation in which the field
generated by the emitting dipole Py is used as incident
radiation

N
Caps = 47TkZIm(f)i(l'i) : Ej (ri)) ®)
i=1

and the coefficient is obtained by considering the extra
factor 1/(47)%, deriving from the Gauss system used in
ADDA [33,34].

The radiative decay rate can be finally obtained by
computing the power radiated electromagnetically and
dividing it by the photon energy hw. It can thus be
computed by calculating the flux of the Poynting vector
through a surface enclosing the entire system (emitter
plus nanoparticle). Beyond this direct method which
does not include any limitations or approximation, it is
also possible to get this quantity from the difference
between I"and I'wyr in Egs. (2) and (3) (we will refer to
this method as indirect one, I'y). Usually the indirect
method is preferred to the direct one only for
computational reasons: as for the scattering cross
sections, which can be considered the corresponding
quantity, to make an integral on the whole solid angle
requires a large computational effort, especially to reach
sufficient convergence. Anyway, according to classical
radiation theory the power radiated by a system which is
much smaller in size than the wavelength of the emitted
light is determined by the electric dipole moment [44].
If the electric dipole moment of the entire system
(dipole of the NP plus external emitting dipole) is
enhanced, so will the radiated power, the enhancement
being proportional to the dipole amplification factor
[42,43]

2
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While (2) and (3) give always an exact expression of the
total and nonradiative decay rate, in the limit of a fine
discretization, the same is not true for the radiative
contribution calculated with Eq. (6). In Eq. (6) it is
assumed that the plasmonic structure jointly to the
emitter acts as a unique radiating nanoantenna but since
the fields emitted by each dipole interfere with each
other and with the fields directly emitted by the dipole,
the phase difference between them should be considered
for large objects or for big emitter—metal distances. In
the next paragraphs we will refer to this method as the
approximated one of I'p; we will see that Eq. (6) gives
the exact values of the radiative decay rate for small
enough nanoparticles for which phase retardations are
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minimal (Fig. 2b), while it fails for larger nanoparticles
(Fig. 5b).

3. Results and discussion

In this section the normalized absorption efficiencies
as well as the total, radiative and nonradiative decay
rates of Ag elongated nanoparticles, i.e. spheroid, cone
and solid rhombus, will be presented. In particular,
attention will be paid on the possibility to realize an
electromagnetic coupling between plasmonic modes
and far-field radiation. For normalization absorption
efficiency we will intend the DDA absorption efficiency
normalized to the squared modulus of the dipole
(NAE = Q,./|Bo|"). this being mandatory to obtain
spectra independent of the source. The DDA efficiency
QO.ps 18 calculated, as usual, by dividing the absorption
cross section over the area of the geometrical cross
section of the sphere with volume equal to that of the
dipole representation of the particle (waZ;). Unless
otherwise specified, the Palik dielectric function [45]
and an interdipole distance of dj, = 0.0625 = 1/16 nm
are used in describing the metallic nanostructures. For
spherically shaped nanoparticles the adopted prescrip-
tion for the discretization parameter d;,=1/16 nm, has
been proved to be good enough by recurring to a
comparison with the analytical results [25,26]. In [26] it
has been shown that for nanospheres, which are more
difficult to be treated than cubically shaped nanopar-
ticles, a discretization parameter dj, = 1/16 nm yields
results with an accuracy better than 5% for the total and
nonradiative decay rates and of the order of 10% for the
radiative one, and this in agreement with the idea
expressed in the work of Yurkin et al. [35] that DDA
errors are larger for the absorption with respect to
scattering. In the same work [26], convergence tests
have also been reported for exactly the same sharp-tip
nanocone here analyzed excited by a dipole located at
2 nm from the tip.

3.1. High-order modes vs far field radiation: the
spheroid case

Differently from the case of an equivalent diameter
sphere, if we excite Ag prolate spheroids with a near
dipole oscillating along the symmetry axis, due to shape
anisotropy we can observe the appearance of multiple
resonances. In Fig. la the normalized absorption
efficiencies are reported for two Ag prolate spheroids
with a 20 nm major axis and two different aspect ratios
(2 and 4) excited with a 2 nm far dipole aligned to the
symmetry axis (z).
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Fig. 1. (a) Normalized absorption efficiencies for two Ag prolated
spheroids with a 20 nm major axis (a) and aspect ratios (a/b) 2 and 4
excited by a dipole oscillating along the symmetry axis (z) at 2 nm
from the surface. (b) Absorption efficiencies for the same particles in
(a) excited with a plane wave polarized along z. The marked reso-
nances in (b) are the dipole resonances corresponding to the peaks at
smaller energies in the spectra in panel (a).

As it can be observed if compared to the ones
obtained for a plane wave polarized along z (Fig. 1b),
these spectra present several peaks corresponding to
plasmonic resonances of several orders. The same rich
structure can be recognized also in the decay rate
spectra in Fig. 2a.

The total decay rates, for these small nanoparticles,
seem in fact to be almost completely due to the losses
inside metal and to perfectly trace the nonradiative
decay rates calculated with Eq. (3). For what concerns
the radiative decay rates, the only contributions to the
decay can be ascribed to the dipole radiation. Iy
calculated by difference between the total and the
nonradiative ones, matches exactly the radiative decay
rate calculated for the two nanoparticles according to
Eq. (6) (Fig. 2b). A second peak is observed in both the
nonradiative decay rate spectra at larger energies with
respect to the dipolar one, but this is absent in the
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Fig. 2. (a) Normalized total and nonradiative decay rates for two Ag
prolated spheroids with a 20 nm major axis (a) and aspect ratios (a/b)
2 and 4 excited by a dipole oscillating along the symmetry axis (z) at
2 nm from the surface. (b) Radiative decay rates for the particles in (a)
calculated with the approximation in Eq. (6) and indirectly or by
difference I'r = I"' — I'vr (*). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of
the article.)

radiative decay (Fig. 2b) and in the far-field absorption
(Fig. 1b) [46].

The physical nature of the two resonances appearing
in I'g at Agxe =420 nm and Aeye = 580 nm for the two
different aspect ratios (Fig. 2a) can be clarified by
observing the charge distributions in Figs. 3 and 4,
respectively.

To have an intuitive picture of the induced electronic
charge, in Figs. 3 and 4, p(r) is transformed into a one-
variable function Q(x) by integrating its real part on
slices with a thickness d = 1 nm perpendicular to the

chosen direction
x+d/2

Q(xa)\exc) :/ y //pi(x/7ylvzla)“exc)dx/dy/dz/'
x—d/2
(7

Resonances at Aqx. =420 nm for a/b = 2 (Fig. 3c and
d) and at Ay, = 580 nm (Fig. 4e and f) correspond to the

1
(a) A=350 nm (b) A=350 nm
05+ r

Charge (arb. u.)
(=]

(¢) A=420 nm (d) A=420nm
05+

Charge (arb. u.)

0 4 8 12 16 200 2 4 6 8 10
z-position (nm) X-position (nm)

Fig. 3. Charge distributions along the symmetry direction (z) and the
minor axis direction (x) obtained for the two resonances in the
spectrum of the spheroid with a =20 nm and a/b =2 (violet line in
Fig. 2a): Aexe =350 nm (a and b) and Aexe =420 nm (c and d).
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Fig. 4. Charge distributions along the symmetry direction (z) and the
minor axis direction (x) obtained for the three resonances in the
spectrum of the spheroid with ¢ =20 nm and a/b =4 (blue line in
Fig. 2a): Aexe =400nm (a and b), Aexe =440nm (c and d) and
exe =580 nm (e and f).

same mode: with a clear dislocation of charge density
along the symmetry and the appearance of two opposite
sign regions along z, they are both dipolar modes. The
higher energy resonances present a number of nodes in
the charge distribution: one node corresponds to a
dipole, two nodes corresponds to a quadrupole, etc.
The higher-order modes present charge densities
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Fig. 5. (a) Normalized total and nonradiative decay rates for two Ag
prolated spheroids with a 160 nm major axis (a) and aspect ratios (a/b)
2 and 4 excited by a dipole oscillating along the symmetry axis (z) at
10 nm from the surface. (b) Radiative decay rates for the particles in
(a) calculated with the approximation in Eq. (6) and indirectly or by
difference I'r = I"' — I'vg (¥). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of
the article.)

comparable with the dipolar ones but a zero net dipole
moment. Thus, even though the field enhancement near
the surface is as large as for the dipolar mode, the
radiative enhancement is absent for these modes and
they appear dark. Anyway, if higher-order modes are
completely radiationless in the quasistatic approxima-
tion, due to phase retardations they can acquire a non
null net dipole moment inside large nanoparticles. To
verify this phenomenon we thus move from small
spheroids to larger ones. As it can be seen in Fig. 5a, by
enlarging the major axis of the prolate spheroid from
20 nm to 160 nm higher-energy peaks become more
evident and distinguishable, with the third resonance
appearing also for an aspect ratio of 2.

While the charge distributions for the three
resonances obtained at 340 nm, 390 nm and 570 nm
for a 160 nm spheroid with a/b = 2 (Fig. 6) are exactly
the same of smaller spheroids, the balance between
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Fig. 6. Charge distributions along the symmetry direction (z) and the
minor axis direction (x) obtained for the three resonances in the
spectrum of the spheroid with a =160 nm and a/b =2 (violet line
in Fig. 5a): Aexe =340 nm (a and b), Aexe =390 nm (¢ and d) and
Aexe =570 nm (e and f).

radiation and losses is completely different. For large
spheroids in fact the major contribution to I" at the
dipole frequency is due to I'; and small peaks appear
also for higher-order modes. By indirectly calculating
I'r we have two features at 400 nm and 470 nm for a/b 2
and 4, respectively (Fig. 5b).

Due to phase retardation, quadrupolar modes, like
those in Fig. 6b and c, assume thus the character of
bright modes, contrary to common belief that even
modes are dark and unable to couple to far-field
radiation [46]. Their coupling to far-field radiation is
surely weaker than the dipole one but it cannot be
neglected. Eq. (6) well approximates the radiative decay
rate at the dipole resonance, where the dipoles oscillate
in phase and the plasmonic structure acts as a unique
radiating nanoantenna, but it fails in describing the
contribution at the higher-order resonances, where
radiation from multipoles should be considered.

3.2. Far field radiation vs high-order modes: the
cone case

The coupling of far-field radiation with high-order
modes can also be found in the absorption spectrum of
conically shaped nanoparticles. Until now we have just
applied our method to cases which can be solved
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from the surface. (b) Absorption efficiencies for the same particles in
(a) excited with a plane wave polarized along z.

analytically [47]. From here on we will focus on
conically shaped nanoparticles acting as nanoantennas,
and in particular we will analyze a 20 nm high Ag
nanocone and a 40 nm high Ag solid rhombus with
bases of 10 nm, both excited by a dipole oscillating
along the symmetry axis at 2 nm from the tip (see the
sketch in Fig. 7), as well as by a plane wave polarized
along the symmetry axis.

Similarly to what observed for the prolate
spheroids, we expect sharp nanocones to support a
series of resonances associated with higher-order
surface plasmon modes. The normalized absorption
efficiency spectra obtained for the cone and the
rhombus excited by a near-source radiation are
reported in Fig. 7a and compared with the spectra
calculated by considering a plane wave polarized
along the z direction (Fig. 7b).

For the cone we can observe that, with a source at
2 nm from the tip, only the lower-energy mode can be
excited at a wavelength of 770 nm (Fig. 7a). Otherwise,
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Fig. 8. (a) Normalized total and nonradiative decay rates for the cone
(C) and the solid rhombus (R) in Fig. 7a. (b) Radiative decay rates for
the particles in (a) calculated with the approximation in Eq. (6) and
indirectly or by difference I'r = I"— I'ng ().

by radiating the same target with a plane wave, the
spectrum becomes broader with two further peaks at
490 nm and 580 nm and a shoulder on the short-
wavelength side. The spectrum for a dipolar excitation
has been shown to gradually change at increasing
distance from the tip and to become similar to the plane
wave one already at 50 nm [26]. The same counter-
intuitive behavior seems to appear also for the 40 nm
rhombus excited at the same conditions with the three
resonances red-shifted at 510 nm, 620 nm and 790 nm.
The total, radiative and nonradiative decay rates
obtained for the two structures excited with a dipole
at 2 nm are reported in Fig. 8. Consistently with the
absorption effieciency in Fig. 7a, only a peak at 770 nm
for the cone and 790 nm for the rhombus are observed.
If compared to the spheroid case, we can notice the huge
enhancement of the decay rate induced by conically
shaped nanoparticles (Fig. 8a): the lifetime of the dipole
is reduced by 3 orders of magnitude by moving from a
20 nm spheroid to a 20 nm cone.
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Fig. 9. Charge distributions along the symmetry direction (z) and the
minor axis direction (x) obtained for the three resonances in the
spectrum (Fig. 7b) of the solid rhombus (R): Aexe =510 nm (a and
b), Aexe=620nm (c and d) and iexe =790 nm (e and f). Charge
distributions reported in panels (b), (d) and (e) are obtained by making
a summation of charge over half target in z direction, the summation
all over the target giving null quantities. The pink curves plotted above
the rhombus charge distributions (blue lines) report, for comparison,
the charge distributions obtained for the cone (C) at the corresponding
resonances: Aexc =490 nm (a and b), Aexe =580 nm (¢ and d) and
Aexe = 770 nm (e and f). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of the
article.)

The presence of several resonant peaks for far-field
excitations can be reconduced to the tip shape and an
explanation can be found in the charge distributions
reported in Fig. 9. All the resonances involve charge
oscillations localized in proximity of the tip and thus
strongly related to the conical shape of both the
structures.

As expected, the three resonances in the spectra of
the two structures in Fig. 7b correspond to the same
plasmonic modes, the red-shift being due to the charge
density perturbation at the central region of the
rhombus. As it can be observed from the charge
dislocation along the height of the rhombus, the
resonance at 790 nm looks like a dipole mode with
an important net dipole moment (Fig. 9e): this can
therefore be excited by both radiation sources here
considered. The resonances appearing at higher
energies (620 nm and 510 nm) instead, seem to be
related to higher order-modes, being the number of

nodes in the charge distribution larger that one (Fig. 9).
In both these resonances the two asymmetrically
distributed regions of induced charge radiate as
antiparallel dipoles but, differently from what happens
for structures symmetric along the radiation polariza-
tion, they do not yield a vanishing net dipole along z,
this being responsible for the electromagnetic coupling
of even modes (dark in a symmetric structure) with a
plane wave radiation. While from symmetry considera-
tions the dipole could couple with all the resonances
excited by the plane wave, the behavior of the field lines
evolves with the distance between the dipole source and
the tip, causing the appearance of resonances at
increasing metal-dipole distance. The results of
Fig. 7 therefore show that small conically-shaped
nanoparticles can support several plasmonic resonances
in the VIS spectral range also for far-field excitations.
Moreover the spectrum as a function of radiation and
metal-emitter separation [26], can be exploited to get
information on the metal-emitter distance in actual
experiments.

4. Conclusions

An useful numerical approach based on the Discrete
Dipole Approximation is here applied to investigate the
behavior of metallic antennas. The possibility to
numerically calculate the total, radiative and nonradia-
tive decay rate perturbations induced by a nanoparticle
on the dynamics of a punctual emitter as well as the
absorption spectrum can be very promising in molecular
plasmonics. In particular the focus is put on the
capability of high-order modes to couple to far-field
radiation. An analysis performed on large Ag prolate
spheroids has underlined the error done in neglecting
the radiation contributions beyond the dipolar one.
Calculations done on conically shaped nanoparticles
have instead presented a counterintuitive behavior of
this kind on nanoparticles: by moving from a far-field
radiation to a dipolar one we have the disappearance of
the high order resonances and this is contrary to the
behavior of spheroids and other particles. We believe
that these results demonstrate the importance of a
numerical engineering of the dipole decay dynamics
exploiting localized surface plasmons, in view of an
aware experimental manipulation and tuning of decay
processes in fluorescence spectroscopy applications.
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