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We identify a relation between the number of photon pairs generated by parametric fluorescence,
through either spontaneous parametric down-conversion (SPDC) or spontaneous four-wave mixing, and
the number generated by the corresponding stimulated process, respectively, either difference-frequency
generation or stimulated four-wave mixing. On the basis of this very general result, we show that the
characterization of SPDC sources of two-photon states in a given system can be performed solely by
studying stimulated emission. We call this technique stimulated emission tomography (SET). We show
that the number of photons detected in SET can be 9 orders of magnitude larger than the average number
of coincidence counts in two-photon quantum state tomography. These results open the way to the study of
sources of quantum-correlated photon pairs with unprecedented precision and unparalleled resolution.
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The birth of quantum optics can be identified with
Einstein’s introduction of his coefficients linking absorp-
tion, stimulated emission, and spontaneous emission [1].
The relation between stimulated emission, many aspects of
which can be understood classically, and spontaneous
emission, which it is generally agreed cannot be under-
stood classically, is particularly striking. Arising because
the same quantum electromagnetic field is responsible for
both these processes [2], it is central to quantum electro-
dynamics. While one could imagine there being theoretical
errors in calculating the spontaneous or stimulated emis-
sion rate for a particular transition, or experimental errors
in determining them in the laboratory, a wholesale viola-
tion of the link between spontaneous and stimulated emis-
sion is conceivable only with the supposition that our
current quantum mechanical description of matter and
radiation is fundamentally flawed.

In quantum information processing, the success or
security of various tasks is based on the presumed correct-
ness of our current quantum mechanical description; one
example is the security of quantum key distribution [3]. It
is thus natural to ask if the link between stimulated and
spontaneous processes provided by that quantum mechani-
cal description can be used to facilitate or simplify any of
the tasks of quantum information processing. Such a sim-
plification would base its correctness only on the authority
of our quantum mechanical description of the interaction
of matter and radiation.

In this Letter, we argue that such a simplification is
possible, not utilizing the link between spontaneous and
stimulated emission, but rather the corresponding link
between the spontaneous processes leading to the produc-
tion of quantum-correlated pairs of photons and their stimu-
lated analogues. The task that we claim can be simplified,
and vastly so, is the characterization of the biphoton wave
function that describes those quantum-correlated pairs.
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Quantum-correlated pairs of photons are generated in
nonlinear crystals either by spontaneous four-wave mixing,
in which two pump photons spontaneously convert to a
signal and idler photon, typically at different energies, or
spontaneous parametric down-conversion (SPDC), in
which a pump photon spontaneously fissions into a signal
and idler photon, respectively, at energies typically slightly
greater than half and slightly less than half of the pump
photon energy [4-7]. In this Letter, we focus on SPDC for
simplicity, but the discussion can be easily generalized to
spontaneous four-wave mixing. Often, the photons are
polarization entangled, and the rate of pair production is
usually low, both because of the weakness of the nonline-
arity and because it would be deleterious for applications if
the pump pulse were so strong that multiple pairs could be
produced in its time window. The polarization state of a
pair that is occasionally generated by a pump pulse can be
determined using the techniques of quantum state tomog-
raphy [8].

We show below that this task can be greatly simplified
by using the stimulated version of SPDC, difference-
frequency generation (DFG), in which a seed signal pulse
is injected together with a pump pulse. By varying the
properties of the input seed signal pulse so that the output
signal pulse ranges through the characteristics that a spon-
taneously generated signal pulse might have in the absence
of the seed, and measuring the large idler output in the
presence of the seed, we can extract the information nec-
essary to identify the biphoton wave function generated
when a pair is produced in the absence of the seed. Thus, by
the use of a seed signal pulse in addition to the pump pulse,
we can perform stimulated emission tomography of the
polarization state that would be produced in the absence of
the seed. While the availability of a source of seed pulses is
an additional experimental requirement, we demonstrate
that the savings in time and improvement in precision are
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so great that this should become the preferred method for
characterizing sources of two-photon states generated by
parametric fluorescence.

We consider the general situation sketched in Fig. 1(a),
in which photon pairs are generated by SPDC in a generic
nonlinear (NL) structure. The effect of the nonlinearity in
generating the down-converted photons can be described
by a formal transition at t = 0 from an asymptotic-in to an
asymptotic-out state, with these states otherwise involving
only linear propagation, however complicated [9]. If the
probability of generating photons in each pair of modes
(vkq, nk,) is sufficiently small, then if a pair is generated,
the state describing the down-converted photons can be
written as [10]

1
|11y = ﬁzfdkldkngm(kl, ky)bl, bl Ivac), (1)
v

(see the Supplemental Material [11]) where ¢, (ky, k3) is
the normalized biphoton wave function, » and 7 indicate
the polarization of the generated photons, k and k, are the
wave vectors, and blkl and b:r]kz are the corresponding
creation operators.

A common experiment to characterize two-photon
sources is a set of coincidence measurements in a configu-
ration similar to the one shown in Fig. 1(b), in which two
single-photon detectors count the photon pairs generated at
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FIG. 1 (color online). (a) Emission of two photons by para-
metric fluorescence. (b) Sketch of the setup for the polarization
resolved coincidence measurement. (c) Corresponding stimu-
lated emission configuration.

wave vectors in the neighborhood of k3 and kj, and with
specified polarizations o and o’. Here, we consider con-
figurations in which the generated photons are either non-
collinear or have different energies, such that they can
always be separated; thus, we always have kj # kj. If
one wants to reconstruct the biphoton wave function, the
detection is done by taking small ranges 6k3 and 6k} over
which variation of the biphoton wave function can be
considered negligible. In practice, in free space, such a
situation can be realized using two pinholes, which restrict
the light in the directions transverse to the propagation
direction towards the detector. For single-mode optical
fibers or channels in integrated devices, such spatial filter-
ing is not necessary, as the transverse profile of sponta-
neous emission is determined by the mode profile of the
waveguide. The final restriction, in the length of the wave
vector, is done with optical filters. In any case, the average
number of generated pairs in the specified ranges is easily
found to be

<b:rfk3bﬁksb;kgbo’kg>5k35k'3

= 2|y|2|¢tr,(r’(k3; k§)|25k35k/, (2)

where |y|? is the probability that a pair of photons is
generated.

Using the same quantum theoretical approach, we now
consider the scenario shown in Fig. 1(c), in which a proper
combination of incoming beams results in a coherent state
exiting from the structure with polarization ¢’ and centered
at k. The asymptotic-out state satisfies

Bo”kéIBo"kQ = Bo/kglga"k’3>’ (3)

where IB(,,kg |2

coherent state, and

is the average number of photons in the

Bl = [ dkfp )b, 4)

with f(,—’k;(k) a normalized function centered at kj. For

bulk crystals [6], optical fibers [12], and one-channel inte-
grated optical devices [13], the coherent state |Bo/kg> can

be realized with a single input beam. For more complicated
structures, the construction of |Bg/k;> might require a

combination of more than one input beam, but it can
always be obtained [9].

We consider the number of photons exiting from the
structure at k3 with polarization o [see Fig. 1(c)]; these
photons are generated by parametric fluorescence as well
as by the corresponding nonlinear process stimulated by
the coherent state, i.e., DFG [14]. In the limit of an unde-
pleted pump, the average number of generated photons is
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which, neglecting the contribution of spontaneous emis-
sion (the first term on the right-hand side) and considering
a stimulating beam narrowly centered at k}, becomes

<b:rrksbak3>|30,k,>5k3 = 2|yl ¢ 5o (K3, K5)I?
3
x 2P S(ro)

chw3

oks, (6)

where w} = ck} and

cha)3 B

Strg) = 523 |B e P f dK f g (K)e KT (7)

is the modulus of the Poynting vector at positionrg att = 0
of a nominal field that, propagating exclusively in vacuum,
would evolve into the outgoing seed pulse; r, is deter-
mined by properties of the source, inter alia its position
(see the Supplemental Material [11]). To see the signifi-
cance of this result, we consider a seed pulse sufficiently
centered at k that S(r;) can be taken to be the value S at
the center of the nominal seed pulse. If we now assume that
both the range 8k} of the nominal seed pulse and the range
ok identifying the collection interval of the stimulated
photons are restricted to the respective ranges employed
in the spontaneous experiment, then by using Eq. (2) in
Eq. (6), we obtain
<b§k3b,,k3>|3g,k,3>5k3 (b} bow,bl, 1 Do, )0k 8k

(277)3 S

8kg chw}’

8)

which means that the expected number of photons stimu-
lated into 6kj is proportional to the expected number of
pairs, one each into 6k3 and &k}, that would be generated
in the absence of stimulation. Note that in experiments
with single-mode optical fibers or channel waveguides, the
restriction mentioned above would be particularly easy to
satisfy; only optical filtering to set the frequency range
would be required because the transverse profile of the
fields would be set by the waveguide modes.

The physics of Eq. (8) can be made more explicit by
remembering that since the stimulating beam is strongly
peaked around k%, we can write

Qm)} S ~V§
ok} chw}

Y =~ |Bg'/kl3|2; )]
3

where V = (277)?/ 8k can be taken as the volume of the
nominal stimulating pulse in the direct space and S/c¢ the
corresponding energy density. Here, the use of = refers to
the approximation that the energy density can be taken
constant in the entire volume V; a more precise relation
would involve the shape of the pulse. Finally, using Eq. (9)
in Eq. (8), we obtain

<b:;k3b0'k3>|B o, )5k3
<b<rkx 0'k3brr K bg-/kl >5k35k/

~ Bl (10)

which states that the ratio between the average number of
stimulated photon pairs and those generated by parametric
fluorescence is essentially the average number ITB(,/kgl2 of

photons in the stimulating pulse.

The expression (10) is analogous to the well-known
result for stimulated and spontaneous single-photon emis-
sion in a two-level system [15]. Of course, there are
differences: In the stimulated process we consider here,
we have the emission of photon pairs in which one of the
photons, and only one, shares the properties of those in the
stimulating pulse. And, in the spontaneous process of
interest here, the emitted photons can have quantum prop-
erties for which no simple analog exists for single-photon
emission, such as entanglement.

Spontaneous parametric processes are the most utilized
for the generation of polarization-entangled photon pairs
[6,7]. The study and characterization of these sources is
usually done by means of quantum state tomography, the
goal of which is the reconstruction of the density matrix.
For example, in the case of polarization-entangled photon
pairs, we deal with a matrix in the 2 X 2 polarization
Hilbert space, where |HH), |VH), |HV), and |VV) are
usually taken as the basis; V and H stand for vertical and
horizontal photon polarization, respectively. The recon-
struction of the density matrix can be done by considering
the setup sketched in Fig. 1(b); the 4> — 1 independent
elements of the matrix are found by means of a set of
coincidence measurements spanning o and o’ over a num-
ber of complete four-element bases [8]. If we collect
photons in the neighborhood of k; and k%, and with
polarization o and ¢, respectively, the average number
of coincidence counts is

Nyt = .’7\[2<b:§ksbgk3bz,kgb,,/k,3>5k35k’, (11)

where N is the probability of detecting a signal or idler
generated photon, which depends on the detectors’ effi-
ciency. The general result (10) suggests that n,, could be
obtained from a stimulated experiment as the one shown in
Fig. 1(c) by measuring the average number of stimulated
idler photons n,(c’) = N<ba-k3 oky)IB,,, yOK3, Where

3

| B, |
3
N et

(12)

ng(o') =
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So, by measuring n,(c’), we perform a kind of virtual
tomography on the state that would be emitted by the
corresponding spontaneous process. We call this stimu-
lated emission tomography (SET).

It is worth noticing that the experiment in Fig. 1(c)
corresponds to DFG, which can be described in the frame-
work of classical electromagnetic theory for a sufficiently
large I’B(,/kglz. Thus, the result (12) demonstrates that the

density matrix describing the two-photon state generated
by parametric fluorescence can be reconstructed through a
“classical” experiment. Although we have limited our
discussion to the determination of the polarization state
of the photon pairs, the entire biphoton wave function (i.e.,
modulus and phase) associated with the spontaneous gen-
eration of photon pairs acts as the response function char-
acterizing how a seed pulse stimulates the emission of
photons [see Eq. (8) in the Supplemental Material [11]].
Thus, it should be possible to design similar classical
experiments to determine the entire biphoton wave
function.

The use of SET for the reconstruction of the density
matrix also has a number of practical advantages. The most
important follows directly from Eq. (12), which shows that
n,(o’) is proportional to the number of stimulating pho-
tons, and thus it can be several orders of magnitude larger
than n,, measured in two-photon quantum state tomog-
raphy. Moreover, while n, is evaluated by performing a
large ensemble of measurements, for a sufficiently large
IfB(,/kélz, the number of stimulated pairs generated per

pulse is essentially constant, so n,(o’) can be obtained
by a single measurement, and without the need for
single-photon detectors. To give a quantitative idea of the
benefits of SET, we consider the pioneering experiment
of Kwiat et al. [6], in which photons are generated by cw
SPDC with 150 mW of pump power. The cw pump
beam can be viewed as a sequence of uncorrelated pulses
of duration equal to the coherence time of the laser,
which can be safely taken to be about 10 ws (correspond-
ing to a laser linewidth of about 100 kHz). In a SET
experiment, we can consider a stimulating pulse of the
same duration and a power of 1 mW, which guarantees
the validity of the undepleted pump approximation.
Assuming 100% of collection efficiency (i.e., N = 1),
this corresponds to a number of stimulated idler counts
per pulse about 10° the average number of coincidence
counts per pulse in the corresponding tomography
experiment.

A second important advantage comes from the fact
that in two-photon quantum state tomography, the resolu-
tion in k3 and kj is limited by the low generation rate
and by the detector sensitivity, as it is obtained by means
of spectral and/or spatial filters. In SET, the number of
idler counts is very large, and this gives the possibility of
performing an experiment with unparalleled resolution,
wherein kj is essentially limited by the laser linewidth.

This is particularly interesting not only for a precise
reconstruction of the density matrix but also to obtain
high-definition measurements of the energy joint
spectral probability density of the photon pairs [16].
The approach based on stimulated emission is espe-
cially interesting for characterizing sources in which
high-Q resonators are used to enhance the material
nonlinearity, and thus where high energy resolution is
required [17].

In conclusion, we demonstrated a simple relation
between spontaneous and stimulated emission of photon
pairs. Starting from this fundamental and general result, we
showed that the characterization of sources of two-photon
states generated by parametric fluorescence can be per-
formed much faster than in two-photon quantum state
tomography, with unprecedented precision and unparal-
leled resolution.
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