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Abstract. In a basic paper of 1916, de Sitter gave, in particular, a
treatment of a special case (equatorial geodesics) of the frame-dragging
effect, which is generated by a model of spinning sphere. We prove in
the present Note that this model is inconsistent with the adopted linear
approximation of general relativity.

PACS 04.20 – General relativity.

1. – In the linear approximation of general relativity (GR) the mass tensor
Tαβ, (α, β = 1, 2, 3, 4) of a perfect fluid can be written as follows (CGS
system of units), cf. [2]:

(1) c2 Tαβ =
(
µ +

p

c2

) dyα

dτ

dyβ

dτ
− ηαβp ,

where: µ is the rest-mass density, which includes the mass correspon-
ding to the compressional potential energy; p is the pressure; y1, y2, y3 are
Cartesian rectangular coordinates, y4 = ct; dτ = ds/c; ηαβ is the customary
Minkowskian tensor (η44 = 1). We have:

(2) µ = %

(
1 +

Π
c2

)
; µ = µ(p) ; % = %(p) ,

if % is the density of that part of the rest-mass which does not change in
the motion, and

(3) Π = Π(%, p) :=
∫ p

0

dp

%
− p

%
.

From the conservation equations

(4)
∂Tαβ

∂yβ
= 0 .

which follow from the field equations, we get the equations of motion of
the particles of the fluid:

(5)
[
% +

1
c2

(%Π + p)
]

duα

dτ
= ηαβ ∂p

∂yβ
− 1

c2

dp

dτ
uα ,
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if uα = dyα/dτ . The fourth of eqs. (5) can be substituted by the conti-
nuity equation

(6)
∂

∂yα
(% uα) = 0 .

We see from (5) that velocity and acceleration of the particles cannot be
prescribed a priori: in the linear approximation of GR there is no gravita-
tional contribution to the pressure p, and therefore a gaseous body tends to
dissolve.

2. – In paper [1] de Sitter wrote the hydrodynamical mass tensor Tαβ in
the following system of polar coordinates:

(7) y1 = r cosϕ cosϑ ; y2 = r cosϕ sinϑ ; y3 = r sinϕ ,

from which:

(8) ds2 = −dr2 − r2 cos2 ϕdϑ2 − r2dϕ2 + c2dt2 .

Putting c = 1, if ξ1 ≡ r; ξ2 ≡ ϑ; ξ3 ≡ ϕ; ξ4 = t – and
0
g11= −1;

0
g22= −r2 cos2 ϕ;

0
g33= −r2;

0
g44= 1, we get

(9) Tγδ =
0
gαγ

0
gβδ

dξα

ds

dξβ

ds
[%(1 + Π) + p]− p

0
gγδ ;

de Sitter’s spinning sphere is characterized by dr/ds = 0 = dϕ/ds, and
by dϑ/dt = ω, with the approximations ds ≈ dt, ω2 ≈ 0, i.e. neglecting the
quadratic expressions of the three-velocities. The component T24, given by

(10) T24 ≈ r2 cos2 ϕ ω % ,

has obviously a particular role. Starting from (10), de Sitter found the gra-
vitational field generated by the spinning sphere, and investigated its effect
on the light-rays and the test-particles which describe equatorial geodesics.
His results coincide essentially with those of Lense and Thirring [3].

However, the base of de Sitter’s method is questionable, as it can be seen
in a plain way by considering the Cartesian form (1) of the mass tensor, and
its consequence (5). As we have emphasized, we are not allowed to impose
ad libitum conditions on the motions of the particles of the sphere; in the
exact GR, and in its linearized version, the equations of motion of matter are
a mathematical consequence of the field equations. (But this became clear
after 1927, while de Sitter wrote in 1916; at that date, only the Hilbertian
formulation of GR (1915) attested en passant the above fact).
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